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approaches to estimating the OD vector, such as OD estimation based on traffic sensor
data. In this estimation approach, the location problem for the sensors is critical. One type
of sensor that can be used for this purpose, on which this paper focuses, is vehicle iden-

Keywords: tification sensors. The information collected by these sensors that can be employed for
OD estimation 0D estimation is discussed in this paper. We use data gathered by vehicle identification
Location model sensors that include an ID for each vehicle and the time at which the sensor detected it.
Vehicle identification sensors Based on these data, the subset of sensors that detected a given vehicle and the order in

which they detected it are available. In this paper, four location models are proposed, all of
which consider the order of the sensors. The first model always yields the minimum num-
ber of sensors to ensure the uniqueness of path flows. The second model yields the max-
imum number of uniquely observed paths given a budget constraint on the sensors. The
third model always yields the minimum number of sensors to ensure the uniqueness of
0D flows. Finally, the fourth model yields the maximum number of uniquely observed OD
flows given a budget constraint on the sensors. For several numerical examples, these four
models were solved using the GAMS software. These numerical examples include several
medium-sized examples, including an example of a real-world large-scale transportation
network in Mashhad.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

Origin-destination (OD) estimation based on exhaustive data surveys can be replaced with reasonable low-cost ap-
proaches such as OD estimation based on the data collected by traffic sensors (Doblas and Benitez, 2005). In OD estimation
based on traffic flow observations, the problem of the locations of the sensors is critical. This location problem involves the
selection of certain arcs or nodes for the sensors. These models minimize the number of sensors and maximize the precision
and reliability of the final estimated target flows. Here, the term target flows refers to the flows that need to be estimated.
Instead of the OD vector, these target flows may also be path flows or link flows (Castillo et al., 2008, 2013; Gentili and
Mirchandani, 2012; Ng, 2012). Gentili and Mirchandani (2012) reviewed the literature and presented a “unifying picture” of
sensor location models. They divided these location models into two major categories:
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» Sensor location flow-observability models: These models establish certain conditions for the locations of the sensors such
that the target flows are unique.

» Sensor location flow-estimation models: These models establish the conditions for the locations of the sensors that yield
the best estimation of the target flows.

Gentili and Mirchandani (2012) also identified four categories of sensor types: counting sensors, path-ID sensors, image
sensors and vehicle identification sensors. Such sensors have also been used in various studies for purposes other than flow
estimation, such as travel time measurement. Some of these studies have used counting sensors (Viti et al., 2008; Li and
Ouyang, 2011), and others have used vehicle identification sensors (Sherali et al., 2006; Mirchandani et al., 2009). However,
the present paper is focused on the estimation of target flows.

The literature on flow estimation based on sensor observations can be divided into twelve categories based on the type
of sensors used (four types) and the target flows considered (three types). Certain of these twelve categories have received
more attention than others:

» Estimating OD flows based on counting sensor observations (Yang et al., 1991; Yang and Zhou, 1998; Doblas and Benitez,
2005; Gan et al., 2005; Ehlert et al., 2006; Eisenman et al., 2006; Viti et al., 2014)

Estimating arc flows based on counting sensor observations (Hu et al., 2009; Ng 2012, 2013; Castillo et al., 2013)
Estimating arc flows based on image sensor observations (Bianco et al., 2006)

Estimating path flows based on path-ID sensor observations (Gentili and Mirchandani, 2005)

Estimating OD flows based on vehicle identification sensor observations (Castillo et al., 2008; Minguez et al., 2010; Zhou
and List, 2010)

Estimating path flows based on vehicle identification sensor observations (Castillo et al., 2008, 2010; Minguez et al.,
2010).

Several papers have also discussed the simultaneous use of both counting sensors and vehicle identification sensors
to estimate target flows and the corresponding location problem (Zhou and List, 2010). The current paper focuses on the
locations of vehicle identification sensors considering two types of target flows: OD flows and path flows.

Viti et al. (2014) have presented an “extensive review” of location models for traffic sensors. Their review is more re-
cent than that of Gentili and Mirchandani (2012) and covers several additional newer papers. In what follows, some of the
literature on flow estimation based on counting sensors and vehicle identification sensors will be reviewed.

1.1. Counting sensors

For the case in which counting sensors are used and the target flow is the OD vector, Yang et al. (1991) proposed the use
of the maximum possible relative error, or MPRE. The MPRE is an index of the precision or reliability of an OD estimation,
with a reasonable theoretical background. This index can be employed either for determining sensor locations or for OD
estimation. Yang and Zhou (1998) formulated four rules with regard to the MPRE index. According to these rules, the place-
ment of traffic counting sensors should ensure the following conditions: 1- For each OD pair, a sensor should be located
on at least one significant arc (an arc that contains more than a certain portion of an OD pair flow). 2- For each OD pair,
the portion of the demand that is covered should be maximized. 3- The observed net flow (the sum of the flows on paths
with at least one sensor) should be maximized. 4- The traffic counts on the observed links should be linearly independent
of each other.

Gan et al. (2005) proposed the use of the expected relative error, or ERE, based on the MPRE. Whereas the MPRE mea-
sures the quality of an OD estimation in terms of the maximum possible relative error, an alternative means of quantifying
the quality of an OD estimation is to measure the expected value of its relative error. In other words, the MPRE is the dis-
tance between the estimated OD vector and the most distant feasible OD vector, whereas the ERE is the expected distance
between the estimated OD vector and a random feasible OD vector. Several other measures of the quality of an OD estima-
tion also exist, such as the total demand scale, or TDS (Bierlaire, 2002), and the relative total demand scale, or RTDS (Gan
et al., 2005).

Ehlert et al. (2006) proposed a linear integer model for determining the locations of counting sensors. Their model
considers an index of importance for each OD pair and maximizes the sum of the importance indices of the covered OD
pairs in the objective function. In their study, an OD pair was considered to be covered if a sensor was located on at least
one significant arc for that OD pair. According to Ehlert et al. (2006), this model can be solved for medium and large
networks because of the reasonable upper bounds provided by the LP sub-problem. Ehlert et al. (2006) solved their model
for networks with more than 1000 links within a short period of time.

Hu et al. (2009) addressed the full observability problem for link flows based on link counting sensors from a “budgetary
planning perspective”. They divided the set of links into “base links” and “non-base links”. The base links, according to their
definition, constitute the smallest set of links for which counting their flows results in unique flows through all links. These
authors proposed a Gaussian elimination algorithm to identify the base links.

Ng (2012) reformulated the link observability problem proposed by Hu et al. (2009). In his reformulation, path enumer-
ation and the construction of the complete arc-route incidence matrix are no longer needed. This makes his approach more
appropriate for and applicable to large networks. He presented an upper bound on the number of sensors required for full
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observability of the link flows. In another paper (Ng, 2013), Ng proposed an algorithm for solving a more general problem
to answer the following question: “Suppose that one is only interested in a subset of link flows and that the link flows are
known a priori. At a minimum, what link flows are needed to be able to uniquely determine the desired link flows?”

Castillo et al. (2013) showed that when path information is used, Ng’'s upper bound can be reduced. They also showed
that this reduction can be as large as 16% and claimed that it can be greater for larger networks. They suggested the use
of a set of linearly independent paths instead of the entire set of paths. They also presented a computationally efficient
algorithm for obtaining a minimum set of linearly independent paths.

Viti et al. (2014) presented an “intuitive metric” to evaluate a given set of sensor locations. In that paper, the focus was
placed on counting sensors. The presented metric is useful in real networks in which it is not economically feasible to
achieve full observability of the target flows. Based on this metric, Viti et al. (2014) proposed a greedy heuristic algorithm
to find the links that contain the most information. They defined information acquisition as “the process by which the size
of the solution space is reduced, either by measuring some of the variables or exploiting existing relations between them”.

1.2. Vehicle identification sensors

As mentioned previously, this paper focuses on path flow and OD vector estimation based on vehicle identification sen-
sors. Castillo et al. (2008) proposed a method for estimating path flows based on the data provided by vehicle identification
sensors. They also described the format in which these sensors provide observations of path flows. This format does not
include the order in which the vehicles were detected by different sensors. More precisely, Castillo et al. (2008) assigned a
subset of the sensors to each detected vehicle. Based on this information format, they proposed a location model that yields
the minimum number of sensors required for full observability of all considered path flows.

The data provided by vehicle identification sensors have also been discussed by Gentili and Mirchandani (2012). In the
current paper, the format in which the data are presented is the same as that of Gentili and Mirchandani and differs from
that of Castillo et al. (2008, 2010). Castillo et al. (2008) considered only unordered subsets of sensors to constitute the com-
binations of sensors for analysis; however, because the vehicle ID detection data have time stamps, the order of detection
of these sensors is also available. The order of the sensors is included in the format presented by Gentili and Mirchandani
(2012). Considering the order of the sensors can reduce the minimum number of sensors required to ensure full observabil-
ity of the path flows. This is demonstrated in the current paper by means of an example.

For the remainder of this paper, we assume that the orders of the sensors by which vehicles are detected are available in
the data provided by vehicle identification sensors. Based on this assumption, a new location model for the uniqueness of
path flows is proposed. In Theorem 2, we claim and prove that in this case,? our location model always yields the minimum
number of sensors to ensure the uniqueness of path flows. To our knowledge, no other location models exist that consider
the order of the sensors.

Minguez et al. (2010) considered the location problem for vehicle identification sensors. They proposed a new location
model based on the model proposed by Castillo et al. (2008). In their model, a budget constraint is included. The incor-
poration of this constraint renders the model more applicable. At the time it was proposed, the model of Minguez et al.
(2010) was the only model available for determining the locations of vehicle identification sensors while considering a bud-
get constraint. Because no other such models were available, they compared their model with models for counting sensors.
By running simulations, they compared their location model with a number of existing models for the selection of the
locations of counting sensors. Thus, they demonstrated that their model yields superior results.

In addition to discussing the location model proposed by Castillo et al. (2008) and proposing a more complete model, we
also propose several alternative location models. In the model of Castillo et al. (2008) and our first model, L, the objective
is to uniquely observe all path flows. In large networks, observing all path flows is extremely expensive. However, many
reasonable methods are available for assigning an OD vector to the network and thus obtaining the path flows of interest.
We therefore modify the location model of Castillo et al. (2008) and our first model (the modified version is called Ls) for
the unique observation of the OD vector; this approach can significantly reduce the number of sensors required. We claim
and prove that our modified model, L3, always yields the minimum number of sensors required to uniquely observe the OD
vector. Moreover, two other models are presented in this paper. The first, L,, maximizes the number of fully observable path
flows subject to a budget constraint. The second, L4, maximizes the number of fully observable OD flows subject to a budget
constraint. These four models have been solved for four examples using the topologies of the Nguyen-Dupuis network, the
Sioux-Falls network and the Mashhad network. The results are reported in Section 4.

This paper is organized as follows: Section 2 introduces vehicle identification sensors in terms of the observations they
provide. In Section 3, some of the existing models are discussed and several new models are proposed. Section 3 consists
of two subsections. Section 3.1 addresses the location models in which the objective is to uniquely observe all path flows.
Section 3.2 addresses the location models in which the objective is to uniquely observe the OD vector. In Section 4, four
examples are solved for the models proposed in Sections 3.1 and 3.2. Section 5 presents the conclusions.

2 In the case that the sensor order is considered.
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2. Vehicle identification sensors

A traditional counting sensor provides only the volume that corresponds to the arc on which it is located. However ve-
hicle identification sensors provide not only the volume of the arc on which they are located but also the volumes that
correspond to different combinations of sensors. For example, if the three arcs A, B and C in a network each have an ALPR
camera (Automatic License Plate Recognition camera), then the volumes of these arcs can be observed. The number of ve-
hicles that pass arc A and then pass arc B but do not pass arc C can be observed. Similarly, the number of vehicles that
pass arc B and then pass arc A but do not pass arc C can also be observed. Generally, the volumes corresponding to all
non-empty combinations of sensors can be observed: A, B, C, AB, BA, AC, CA, BC, CB, ABC, ACB, BAC, BCA, CAB, and CBA.
Although the majority of these combinations are useless in practice and their corresponding volumes are zero, the num-
ber of combinations exceeds the number of sensors. Therefore, vehicle identification sensor observations can be extremely
informative compared with those of traditional counting sensors, especially in large networks.

In the data provided by vehicle identification sensors, or simply sensors,® three attributes are available for each vehicle
detection event (Castillo et al., 2008; Gentili and Mirchandani, 2012):

¢ An identification code for the vehicle
o The time at which the sensor observed the vehicle
e The arc on which that sensor is installed

The vehicle identification code may be the license plate number, as in the case of ALPR cameras. Among all such records
over a given study period, each detected identification code (in other words, each detected vehicle) will have been recorded
by one or more sensors. Consider, for example, a vehicle that has been recorded once by each of the vehicle identification
sensors on arcs 5, 12, 32, 93 and 102, where the corresponding times for each detection event are 7:52 AM, 7:00 AM, 6:23
AM, 6:43 AM, and 7:12 AM, respectively (assume, for example, that the given study period is from 5:00 AM to 9:00 AM on
a specific day). Taken together, these records show that the corresponding vehicle passed arcs 5, 12, 32, 93 and 102 in the
following order: 32-93-12-102-5. Thus, we say that this vehicle corresponds to the combination (32, 93, 12, 102, 5), where
the term combination means an ordered subset of sensors. The total number of detected vehicles in the entire database that
correspond to the combination (32, 93, 12, 102, 5) is called the corresponding volume of this combination. Each non-empty
combination has a corresponding volume that is known from the sensor observations.

The corresponding volume of each combination is the sum of the flows on the subset of paths that matches that com-
bination. These are called the corresponding paths of that combination. This subset comprises the set of paths that contain
the arcs corresponding to the sensors in this combination in the same order in which they appear in the combination. For
example, the corresponding paths of the combination (32, 93, 12, 102, 5) are the paths that contain arcs 32, 93, 12, 102
and 5, in that order. Thus, each combination of sensors,* or combination, has a corresponding volume and corresponds to a
subset of network paths.

A distinct but important feature of different combinations of sensors is that each path corresponds to one combination.
The set of paths that correspond to a given combination has no common element with the corresponding paths of another
combination. When the locations of the sensors are fixed, the set of sensored arcs that belong to each path and the order
of those arcs are uniquely defined; thus, one path cannot correspond to more than one combination. Therefore,

RinR, =0 Vj#jeC (1)

where C and R’ are the set of all possible combinations of sensors and the set of paths that correspond to sensor combi-
nation j € C, respectively. As mentioned earlier in this section, each non-empty combination has a corresponding volume,
which can be zero. This volume is equal to the sum of the flows on its corresponding paths. Thus, the equations obtained
from the sensor observations are as follows:

S fi=b; VjeC|j#0 (2a)

'
reRj

where fr and b; are the flow on path “r” and the corresponding volume of sensor combination j e C, respectively. The
feasibility of flow or conservation of flow condition is as follows:

Y fi=Q Viel f;>0 VreR (2b)

reR;

where R;, Q; and I are the set of paths that correspond to OD pair “i”, the volume of OD pair “i” and the set of all OD
pairs, respectively. Once the observations from the sensors over a defined period of study have been gathered, the vector of
the path flows and the OD vector must satisfy these two constraints. We will henceforth refer to these two constraints as
condition (2).

3 For brevity, we will use the term sensors to refer to vehicle identification sensors throughout the remainder of the paper.
4 By a combination of sensors, we refer to an ordered subset of sensors.
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3. The location problem for vehicle identification sensors
3.1. Sensor location problem for the uniqueness of path flows

This section primarily discusses the establishment of conditions for the locations of the sensors such that the path flows
are unique. For example, if a sensor is located on every arc in a network, then condition (2) will have only one unique
solution in terms of f and Q.

The flows observed by the sensors are attributed to an unknown but fixed demand vector. The purpose of placing these
sensors is to estimate this vector. Let us assume that the observations of the sensors are free of error. In this case, the set
of demand vectors that satisfy the observation constraint (2a) and the feasibility constraint (2b) contains that true demand
vector and thus is always non-empty. Therefore, in this study, the set of path flows and OD vectors that satisfy condition (2)
is assumed to always be non-empty; this result is independent of the sensor locations and the number of sensors, which
are defined by vector J.

3.1.1. The existing model
Castillo et al. (2008) proposed a location model for vehicle identification sensors to determine the minimum number of
sensors required for unique observation of the path flows. This model is formulated as follows:

C: Minimize ns = Xgeala

Jo€{0,1} VaecA (3)
Y Jad(ry,ry,a) =1 Vryry eRry #1, (4)
aeA
Y Jiba=1 VreR (5)
aeA

where J; is a binary variable whose value is one when arc “a” has a sensor and zero otherwise. A is the set of all arcs in
the network. 8,4 is a binary parameter whose value is one when path “r” contains arc “a” and zero otherwise. d(ry, 1, a) is
a binary parameter whose value is one if one of the paths r; and r, contains arc a and the other path does not contain arc
a and whose value is zero otherwise.

Castillo et al. (2008) claimed that the optimal solution to model C contains the least number of sensors required to
uniquely observe all path flows. In this model, the order in which each vehicle is detected by the sensors is not considered.
However, as mentioned previously, because the vehicle ID detection data have time stamps, the order of these detections is
also available from the sensor observations. Model C was proposed based on the assumption that the sensor order is not
available. Under this assumption, model C always yields the minimum number of sensors required for full observability of
the selected path flows. By contrast, in this study, we adopt the assumption that the order of the sensors is available. Here,
we explore the performance of model C in this new setting. As mentioned before, we assume that the observations of the
sensors are error-free and conclude that the set of path flows that satisfy condition (2) is always non-empty. A theorem
regarding this model is presented here:

Theorem 1. Assume that | is the sensor location vector and that the order in which the vehicles are detected by the sensors
is available. The constraints of model C are sufficient but not necessary to ensure the uniqueness of the path flows that satisfy
condition (2).

The proof of sufficiency is similar to the proof of Theorem 3 that is presented in Section 3.2. The following example
shows that these constraints are no longer necessary. In this example, we identify a sensor location vector that does not
satisfy constraint (4) but ensures the uniqueness of the path flows.

Example 1. Consider the network illustrated in Fig. 1.

Consider two OD pairs for this network: from 1 to 3 and from 2 to 4. The first OD pair corresponds to two possible
paths: {1-2} and {6-3-2}. The second OD pair also corresponds to two paths: {5-6} and {2-4-6}. Assume a location vector
for the sensors in which only arcs 2 and 6 are equipped with a sensor. We claim that this location vector will result in
unique path flows but does not satisfy constraint (4) of model C.

For this sensor location vector, the combinations corresponding to each of the paths identified above are (2), ((6-2),
(6) and (2-6), respectively. Thus, each path corresponds to a different non-empty combination, and the path flows can be
uniquely defined based on the sensor observations. The reason for this uniqueness can be seen when checking constraint
(2a) for this scenario:

Z fr=fi=bgy

Y
reR(z)
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Fig. 1. Network considered in Example 1.

Table 1
Numbers of combinations and subsets of sensors that can be generated
for different numbers of sensors.

Number of sensors 10 50 100 150
Number of subsets 1.0e3 1.1e15 1.3e30 1.4e45
Number of combinations ~ 3.9e9  3.5e79 1.2e188 8.2e307

Y fi=fi=bea

rEst,z)

Z fr=Ff3=be
reR}s)

Z fr=Ffa=bas
rGRiz,G)

However, this location vector does not satisfy constraint (4). We check this constraint below for the second and fourth
paths:

> Jd(2,4,0)=0<1
aeA

In this equation, the product of J; and d(2, 4, a) is summed over all six arcs of the network. The sum is found to be zero,
which is not greater than or equal to one.

When the order of the sensors is considered, the location vectors need not satisfy constraints (4) and (5) for the path
flows to be unique. Therefore, in this case, these two constraints are not necessary for the uniqueness of the path flows.
Another important implication of Example 1 is that when the sensor order is considered, model C does not always yield the
minimum number of sensors required for unique observation of the path flows. In Example 1, the solution to model C is {2,
3, 6}; however, we know that {2, 6} will result in unique path flows and that placing a sensor on arc 3 is unnecessary.

The underlying assumption of model C is that two paths correspond to the same combination if and only if their sets
of sensored arcs are the same; however, two paths may have the same set of sensored arcs but correspond to different
combinations because the orders of these arcs differ. This is the case for the pair consisting of the second and fourth paths
in Example 1. In Example 1, the set of sensored arcs is {2, 6} for both the second and fourth paths. However, the order
of these two arcs is (6-2) for the second path and (2-6) for the fourth path. Thus, the two paths correspond to different
combinations and can be uniquely observed.

3.1.1.1. The importance of considering the sensor order. A promising feature of vehicle identification sensors is their ability to
provide numerous equations of flow observations based on different sensor combinations. These combinations can produce
many equations via two approaches. The first approach involves generating different combinations by considering different
subsets of sensored arcs. The second approach is to generate different combinations by considering different orders for
each subset of sensors; however, this possibility has not been employed in any of the existing location models for vehicle
identification sensors, including model C.

Table 1 presents the numbers of possible combinations for different numbers of sensors when the order of the sensored
arcs is and is not considered. As shown in Table 1, considering the order of the sensored arcs can increase the number
of different combinations that can be generated. As noted by Castillo et al. (2008), the majority of these combinations
do not correspond to any real path. However, increasing the total number of combinations also increases the number of
combinations that correspond to at least one path.

Considering the order of the sensored arcs is a difficult task in models such as model C, in which the sensor location
vector is a decision variable rather than a given parameter. The development of a model for which the solution always
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contains the least possible number of sensors can be challenging. In Section 3.1.2, such a model is proposed. More precisely,
by considering the order of the sensors, a location model is proposed that always yields the minimum number of sensors
required to uniquely observe the path flows.

3.1.2. Necessary and sufficient conditions for the uniqueness of path flows

In this section, a model named L; is proposed. L; is a location model for vehicle identification sensors that considers
the order of the sensors and yields the minimum number of sensors required for the uniqueness of the path flows. Before
model L; is presented, several of its main parameters are explained. As mentioned previously, § is the path-arc incidence
matrix, in which §;; = 1 if arc j belongs to path i and §;; = 0 otherwise. Matrix E is a three-dimensional matrix in which Ey,
is equal to one if arc b follows arc a in path r and is zero otherwise. Based on these two matrices, model L; is formulated
as follows:

Ly : Minimize Z]a

acA
Vi <D Jad(r.1' ) Vi eR[ T (6)
aeA
y,r,r’ = Z Z ]L/m/ (Eraa/Er’a’u + Era’aEr’aa/) vr, r'e R| r# r (7)
aeA g €A
a +#a
Vo <Y +Ye  YrT eR| T #£T (8)
X<y Vrr eRlr#r (9)
X <Y 8aJa VreR (10)
aeA
xx=1 VreR (11)
Jow <Ja Vad eAla#d (12)
Jiw <Jo Va,d ecAla#d (13)
Jow 2Ja+t]e—1 Vad eAla#d (14)
0 <X Jog- Vi ViV <1 ViU €R| 17, Va.d eAla#d (15)
Ja=0,1 VaecA (16)

where J; is a binary variable and the model is designed such that the values of x, ]éa,, y;r,, y;’r, and y, are all either one
or zero. J; is equal to one if arc a has a sensor and is zero otherwise. jl’m, is equal to one if J; and J, are both equal to one
and is zero otherwise. x; is equal to one if the flow of path r can be obtained uniquely and is zero otherwise. y, is equal
to one if paths r and ' correspond to different combinations of sensors and is zero if both of them correspond to the same
combination (the empty set is also a combination). y;r, is equal to one if there exists a sensored arc a that belongs to either
path r or path 1’ and does not belong to the other and is equal to zero otherwise. y;/r, is equal to one if there is a pair of arcs
a and a’ such that both of them belong to both paths r and r’ but their order of appearance differs between these paths;
for example, in path r, arc @’ follows arc a (E 4y = 1), whereas in path 1, arc a follows arc @’ (E,4q ). Note that variables y,
y,,, and y,,, are defined for all r, 1’ € R such that r # . d(r, ', a) was defined earlier in the paper.

From constraints (9), (11) and (15), we find that y,, =1 for all r # 1’ € R. Thus, from constraint (8), we obtain 1 <
y;r, +y;/r, for all r # ' € R. In other words, the right-hand side of constraint (8) must equal one or more. Consider the
network introduced in Example 1 and the case in which arcs 2 and 6 each have a sensor. In this case, constraints (6),
(7) and (8) are as follows:

The right-hand side of constraint (6) is the number of sensored arcs that belong either to path r or to path ' and do
not belong to the other. For example, paths 1 and 3 each contain two sensored arcs (i.e., arcs 2 and 6). Arc 2 belongs to
path 1 and does not belong to path 3, whereas arc 6 belongs to path 3 and does not belong to path 1, and both arcs have
a sensor. The right-hand side of constraint (7) is the number of pairs of sensored arcs that belong to both paths r and
but appear in different orders in these two paths. For example, the sensored arcs 2 and 6 both belong to paths 2 and 4,
and the orders in which they appear in paths 2 and 4 are different. Thus, there is one pair of sensored arcs that belongs
to both paths 2 and 4 and appears in a different order in each of these paths. In this example, there is only one pair of
paths that have at least two arcs in common. Therefore, there can be only one path pair for which the right-hand side of
constraint (7) is greater than zero. For r, I’ € R, the right-hand side of constraint (8) is equal to at least one if and only if



M. Hadavi, Y. Shafahi/ Transportation Research Part B 89 (2016) 82-106 89

Table 2
Constraints (6)-(8) for the network considered in Example 1 when arcs
2 and 6 each have a sensor.

Path pair {r,r’}  Constraint (6)  Constraint (7)  Constraint (8)

{12} Vi, =<1 V1, <0 y12<1+0
{13} Vi3<2 y:]:_a <0 y13<1+0
{14} Viga=1 V1450 Y14<1+0
2,3} Vy3 <1 Y55 =0 Y23 <140
2.4} V54 <0 Vou =1 Y24<0+1
(3.4} Via=1 V34 =0 y34<1+0

the right-hand side of at least one of the constraints (6) and (7) is also equal to at least one.” As seen in the last column
of Table 2, for all pairs of paths, the right-hand side of constraint (8) is equal to at least one. Constraint (7) considers the
order of the sensored arcs. The role of this constraint and the sensor order can be seen from constraint (8) for the path pair
{2, 4}. In this case, the right-hand side of constraint (6) is equal to zero, but because the right-hand side of constraint (7) is
equal to one, the right-hand side of constraint (8) is also equal to one. The constraints of model L; are discussed further in
the proof of Theorem 2.

Model L; is a location model that attempts to find a vector of sensor locations. As mentioned before, we have concluded
that for every sensor location vector J, the set of path flows that satisfy condition (2) is non-empty; thus, the constraints of
model L; are designed to ensure that this non-empty set is single-membered. In the following theorem, the necessity and
sufficiency of the constraints of model L; will be claimed and proven correct.

Theorem 2. Assume that ] is the sensor location vector and that the order in which the vehicles are detected by the sensors is
available. The constraints of model L, are sufficient and necessary conditions for the uniqueness of the path flows that satisfy
condition (2).

Proof of sufficiency. Suppose that the constraints of model L; are true; we wish to show that the path flows can then be
uniquely defined.

For each pair of paths r and r/, the right-hand side of constraint (6) is equal to one or more if there is at least one
sensored arc for which d(r,r’, a) = 1. As mentioned before, d(r, 1, a) is equal to one when arc a belongs either to path r or
to path r’ and does not belong to the other and is equal to zero otherwise. Thus, from constraint (6), we find that y/rr, can be
greater than zero only when there exists a sensored arc a for which d(r,1’,a) = 1. Considering the requirement 0 <y, <1
from constraint (15), if such an arc does not exist, we have y;r, =0, and if such an arc exists, we have y;r, < 1. Moreover, in
the entire model, only constraints (6) and (15) impose an upper bound on y; -

Now, a property of constraints (12)-(15) will be claimed and proven so that it can be used in the remainder of the proof;
according to these constraints, ]é o has the following property:

]/ _ Oif]azoor]arzo
@ =V if fy = Ju = 1

All four possible cases are evaluated here: If J; =1 and J, = 1, then from constraints (12) and (13), we have ][/w, <1,
and from constraint (14), we have j(’w, > 1; thus, we have ](/m, =1.1IfJs=1and J, =0 or if J; =0 and J, =1, then from
constraints (12) and (13), we have ]l’m, <0, and from constraint (14), we have ]"m, > 0; thus, we have ]z/m’ =0.If J, =0 and
Jo =0, then from constraints (12) and (13), we have j(/w, <0, and from constraint (14), we have ]L’w, > —1; thus, because we
know from constraint (15) that J/ , > 0, we have J/ , = 0.

The right-hand side of constraint (7) is a sum over all distinct arc pairs. For each arc pair a and a’, the sum
(EraaErara + EraaErae) is equal to one if the following three constraints hold simultaneously:

e Both arcs a and a’ have a sensor
e Both arcs a and a’ belong to both paths r and
o These two arcs appear in these two paths in different orders

This happens in one of the following two cases:

« Both arcs a and @’ have a sensor, arc a’ follows arc a in path r (E,, = 1), and arc a follows arc @’ in path 1’ (E, g =1)
e Both arcs a and a’ have a sensor, arc a follows arc a’ in path r (E,,, = 1), and arc @’ follows arc a in path ' (Eyqq = 1)

In the first case, the first term in the parentheses will be equal to one and the second will be zero. In the second case,
the first term will be zero and the second will be equal to one. In either case, the value of the quantity in the parentheses
will be one. Now, if](’m, =1 (which means that J; =1 and J, = 1), there will be two sensored arcs that appear in both paths

5 This constraint will be discussed more formally in the proof of Theorem 2.
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r and 1’ but in different orders. In this case, the entire sum over all distinct arc pairs will be greater than or equal to one;
therefore, constraint (7) together with constraint (15), from which we have y/r/r, < 1, will result in y;/r, < 1. By contrast, if no
such pair of arcs exists for paths r and r, then the right-hand side will be equal to zero. In this case, we will have y!', <0,
which, considering the requirement of y, > 0 from constraint (15), will result in y?', = 0.

From constraints (9), (11) and (15), we find that y,, =1 for all r # 1/ € R. Thus from constraint (8), we obtain 1 <
V. +yp, forall r # 1’ € R. As mentioned earlier, the upper bound on y;', is equal to one if there exists a pair of sensored
arcs that appear in different orders in paths r and ' and is zero otherwise. Additionally, we note that the upper bound on
y;r, is equal to one if there exists a sensored arc a for which d(r,1’,a) =1 and is equal to zero otherwise. Thus, for each
pair of paths r # 1’ € R, the upper bound on at least one of y/r and y”r must be one. This is the case because if both upper
bounds on y . and y”, are zero, then both y - and y” must be zero, which contradicts the constraint 1 <yrr, +y”,. Thus,
for each pair of paths one of the following clauses w111 be true:

't

e First clause: A sensored arc exists that belongs either to path r or to path ' and does not belong to the other.
e Second clause: A pair of sensored arcs exists in which both arcs belong to both paths r and r’ and appear in different
orders in these paths.

Paths r and 1’ are assigned to different combinations of sensors only when at least one of the above clauses is true.
When the first clause is true, the sets of sensored arcs for paths r and r’ are different and thus they correspond to different
combinations. When the first clause is not true, the sets of sensored arcs for paths r and r’ are the same; therefore, they
correspond to different combinations only when the order of appearance of these sensored arcs differs between paths r and
. This, in turn, is true only when there exists a pair of sensored arcs that belong to both paths and appear in different
orders. Thus, in any arbitrary feasible solution for model L;, any two paths r and r’ correspond to different combinations of
Sensors.

From constraints (11) and (10), we find that 1 < 3°I_; 84rJo, Which means that each path has at least one sensored arc.
Thus, if the constraints of model L; are satisfied, then all paths have at least one sensor and any two paths correspond to
different combinations of sensors; therefore, the path flows can be uniquely determined.

Proof of necessity. The sensor location vector J is given. Suppose that the combination of sensors corresponding to each
path is different from that corresponding to each other path and that each path has at least one sensor; now, we wish to
prove that there exists some profile of x, ](/1 o y’r o y;’r , and y,» for this J such that the constraints of model L, are true.
Consider two arbitrary paths r and 1’ that correspond to combinations ¢ € C and ¢’ € C, respectively. We know that ¢ #
c’; thus, at least one of the first and second clauses stated above is true.
We claim that the following values for variables xr, J! ,, ¥,., ¥i,, and y,, for the given J satisfy all constraints of model

Ll .
” 1 if the first clause is true for paths r and 1’

Y =10 otherwise b vrr eRlr£r
1 if the second clause is true for paths r and r’

Yo = 0 otherwise b vr.reRr#r
1 if at least one of y/, and y", is equal to one

Y =10 otherwise o Yo 125 vr.r'eRlr# 1

xx=1 VreR
1if,=Jy=1

Joa = 0 O{iller\{\(;ise Va.d' eRla#d

The proof of this claim is trivial and is omitted here.
Lemma 1. A solution to model Ly always exists.

Proof. Here, we claim and prove that the solution

Ja=1 VaecA

Jiw=1 Va#decA
yrr/_yrr,_l Vr#1 eR
V. =0 Vr#reR
xx=1 VreR

is always a feasible solution for model L;, independent of the topological characteristics of the network and the set of routes
considered.



M. Hadavi, Y. Shafahi/ Transportation Research Part B 89 (2016) 82-106 91

If Jo=1 for all a € A, then for all r # 1’ e R, the right-hand side of constraint (6) is equal to the number of arcs that
belong to only one of these two paths. For every pair of paths, there exists at least one arc that belongs to only one of
them. Thus, for all r # 1’ € R, the right-hand side of constraint (6) is equal to at least one. Constraint (8) is obviously true.
Therefore, in the proposed solution, constraints (6) and (8) are true for all r # ' € R. For all path pairs, the right-hand
side of constraint (7) is always nonnegative and the value of y, is zero. Therefore, constraint (7) is true for all r # 1’
R. Constraints (9) and (11) are obviously true. Because each path contains at least one arc, constraint (10) is also always
true. Finally, in the proposed solution, constraints (12)-(16) will always be true. Thus, a solution for model L; always exists,
independent of the topological characteristics of the network and the set of routes considered.

Lemma 1 is true because when vehicle identification sensors are used and every arc has a sensor, each set of paths can
be uniquely observed. This is one of the primary advantages of these sensors compared with counting sensors.

3.1.3. Sensor location problem for optimal path flow observability considering a budget constraint

Usually, in practical examples, full observability of all path flows is not feasible because of limited resources. Thus, it
is necessary to consider a budget constraint in the location model and attempt to maximize the coverage provided by the
sensors. In this section, model L, is presented; this is a modified version of model L; that includes a budget constraint and
maximizes the number of path flows that can be uniquely observed.

L, : Maximize fo

reR

Vi <Y Jad(r.r',a)  Vrr eR[T#£T (17)

aeA
y,r/r/ = Z Z .’ég/ (EraaEraa + EraEraa) V1,7 €Rl T £T (18)

acA g €A

a+#a
Vir <Y +YVyn  VELT €R|T#T (19)
Xr <Y VrreR|rT#T (20)
X <Y 8aJa VreR (21)
aeA

Jow <Ja Ya,d eAla#d (22)
Jow <Jo Va,d cAla#d (23)
Jog =Jat]e—1 Va,d eAla#d (24)
Z]a <B (25)
aeA
0<Xr Jous Vs VienVir <1 V17" €R, Va,d €A (26)
Jo=0,1 VaeA (27)

B is the available sensor budget (i.e., the number of available sensors). The remaining variables and parameters are similar
to those of model L;. There are three differences between models L; and L,: The first difference is that constraint (11),
which guarantees the full observability of all paths, is omitted. The second difference is the target function, which serves to
maximize the number of fully observable paths. The third difference is that constraint (25), which is the budget constraint,
has been added. With the exception of constraint (25), all constraints in model L, are also included in model L; and were
explained in the previous section. Below, two lemmas regarding model L, are presented.

Lemma 2. In model L,, x; is equal to one if the flow on path r can be uniquely defined and is zero otherwise.

Lemma 3. A solution to model L, always exists.
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Based on the facts established in the proof of Theorem 2, the proof of Lemma 2 is trivial and is omitted here. For the
proof of Lemma 3, we simply present the following solution, which is always a feasible solution for model L;:

Ja=0 VacA

Jiw =0 Va#deA

Ver =Y =0 Vr#1 eR
yh,=0 Vr#£r' eR
x»=0 VreR

It is obvious that in the target function, we can choose to maximize the net flow instead of the number of uniquely
observed paths; this can easily be done by multiplying x; by fO, an out-of-date flow for path r, for all r € R.

3.2. Sensor location problem for the uniqueness of the OD vector

For OD vector estimation, observing all path flows is sufficient but not always necessary. Based on model C, model D is
proposed below for determining the locations of vehicle identification sensors. In model D, the constraints are sufficient but
not necessary to ensure the uniqueness of the OD vector.

D : Minimize ns = Z]a

aeA
Joe{0,1} VaecA (28)
> lad(ri.ra.a) =1 Vi elli#i, VrieR, VryeRy (29)
acA
Y Jabar=1 VreR (30)
aeA

The only difference between model D and model C is the pairs of paths for which constraint (29) must be true. In
model C, constraint (4) must hold for all possible pairs of paths, whereas in model D, constraint (29) must hold only for
those pairs of paths that belong to different OD pairs. Model D is a location model, and for its solution, which is a sensor
location vector, the set of path flows and OD vectors that satisfy condition (2) is non-empty. A theorem regarding model D
is presented below.

Theorem 3. Assume that ] is the sensor location vector and that the order in which the vehicles are detected by the sensors is
available. The constraints of model D are sufficient but not necessary conditions for the uniqueness of the OD vector that satisfies
condition (2).

Proof of sufficiency. It has previously been concluded that the set of path flows and OD vectors that satisfy condition (2) is
always non-empty. To prove this theorem, we must show that exactly one OD vector satisfies condition (2) when constraints
(29) and (30) are true. We define

C; :=the set of all combinations that correspond to at least one of the paths

belonging to OD pair i

From (1), we know that each path corresponds to at most one combination. From constraint (29), we know that for every
two paths with different OD pairs, there exists at least one sensored arc that belongs to one of them and does not belong
to the other. Thus, these two paths correspond to different combinations. Constraint (29) allows only paths with the same
OD pair to correspond to the same combination. Thus, we have

GNG =y VYiielli#i (31)

To understand the reason for relation (31), suppose that C; and C; have an element in common.

Relation (31) holds because if C; and C; have an element in common, then a combination must simultaneously corre-
spond to a path belonging to OD pair i and a path belonging to OD pair i’. This contradicts constraint (29).

According to constraint (30), all paths in the network have at least one sensor and correspond to a non-empty combi-
nation. Thus, an empty combination does not belong to U; . ;C; Each of the paths belonging to OD pair i corresponds to
one of the elements of C;, and R; € (U jeq_R;). From (31), we know that none of the paths that belong to any OD pair other
than i corresponds to any of the elements of C;. Thus, all paths that correspond to the elements of C; belong to OD pair i.
Therefore, U jeCiR;' C R;. Consequently,

< U R;) =R; (32)
JjeGi
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Here, let us recall condition (2):

Y fr=b; VjeClj#0 (2a)
reR}
Y fi=Q Viel, VreR (2b)
reR;

In constraint (2b), if we replace R; with its equivalent expression from (32), we obtain

Qi:Zfr: Z fr:ZZfT:ij (33)

reR; re( U R, JjeGi reR’ JjeG
jec; J

The first equation is obtained from (2b). The second equation is obtained from (32). The third equation is obtained from
(1). The fourth equation is obtained from (2a) and the fact that none of the combinations j € C; is an empty set, which was
established earlier in the proof. Thus, the only OD vector that satisfies condition (2) is the OD vector obtained in (33).

To show that the constraints of model D are not necessary, we can use Example 1. In this example, the solution to model
D is {2, 3, 6}, but we know that {2, 6} will also result in unique path flows and a unique OD vector. Notably, the solution
for which J; =1 for all a € A is always a feasible solution for model D. Thus, model D always has a solution.

3.2.1. Necessary and sufficient conditions for the uniqueness of the OD vector

According to Theorem 3, the constraints of model D are sufficient but not necessary conditions for the uniqueness of the
OD vector. Based on the underlying concepts of model L;, model L3 is proposed below to ensure the necessary and sufficient
conditions for the uniqueness of the OD vector. This property will be claimed formally in Theorem 4.

L : Minimize ns = Z]a

acA
Vi <Y Jad(r.r'.a)  Vii'el, VreR. Vr'eRy|i#i (34)
aeA
y/r/r/ = Z Z ](/m’ (EraeEvara + EraaEraa) Vi, i’ el, Vr eR, vr' e Ri’l i# i (35)
aeA g €A
a+#a
Vo <Yy +Yy Vi€l VreR, Vr'eRy|i#i (36)
Xr<yw Viji'el VreR, Vr'eRy|i#l (37)
Xr < ZSarJa VreR (38)
aeA
Xr = 1 VreR (39)
Jiw <Ja Va,d eAla#d (40)
Jiw <Jo Va,d eAla#d (41)
Jow ZJa+]e =1 Va,d cAla#d (42)
0<X, lgs V- ViV <1 Viji'el, VreR, Vr'eRy|i#i, VadecA (43)
Ja=0.1 VaecA (44)

The only difference between models L; and L3 is the pairs of paths for which constraints (34)-(37) must be true. In
model Lq, these constraints must hold for every possible pair of paths. However, in model L3, these constraints must hold
only for pairs of paths that do not belong to the same OD pair. Constraints (34)-(37) guarantee that any two paths with
different OD pairs will correspond to different combinations of sensors. Consequently, variables y;’r i y;r, and y,,» are defined
for all r € R; and 1’ € Ry such that i # i’ e I. Thus, in model L3, the following statements hold for all r € R; and 1’ € Ry such

thati#1i el

* y,» is equal to one if paths r and ' correspond to different combinations and is zero otherwise

ey, is equal to one if there exists a sensored arc that belongs either to path r or to path r’ and does not belong to the
other

o y;’r , is equal to one if there exist two sensored arcs that appear in both paths r and ’ in different orders
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Consider Example 1, in which there are two OD pairs and two paths exists for each OD pair. Paths 1 and 2 belong to
the OD pair 1-3, and paths 3 and 4 belong to the OD pair 2-4. In this case, variables y;’r,, y:r, and y,» are defined for the
following path pairs: {1,3}, {1,4}, {2,3} and {2,4}. These are all possible pairs of paths whose elements belong to different OD
pairs. Constraints (34)-(37) must hold only for these four path pairs.

A theorem regarding this model is presented below:

Theorem 4. Assume that | is the sensor location vector and that the order in which the vehicles are detected by the sensors is
available. The constraints of model L3 are necessary and sufficient conditions for the uniqueness of the OD vector that satisfies
condition (2).

The proof of this theorem is similar to that of Theorem 2 and is omitted here. A lemma similar to Lemma 1 is also
presented here.

Lemma 4. A solution to model Ly always exists.
The proof of this lemma is similar to that of Lemma 1 and is omitted here.
3.2.2. Sensor location problem for optimal OD flow observability considering a budget constraint

In this section, model L4 is presented; this is a modified version of model L3 that includes a budget constraint and
maximizes the number of OD pair flows that can be uniquely observed.

Ly : Maximize )z

iel

Vi <Y Jod(r,r,a)  Vii'el, VreR, Vr'eRy|i#f (45)
aeA
y:r' = Z Z Joa Eraa Evaa + ErvaEraa) Vi,;i' el, VreR, Vr'eRy|i#i (46)
aeA d €A
a +#a
Vo <YV +Yo Vi€l VreR, VreRy|i#i (47)
Xr<yw Vii'el VreR, Vr'eRi|i#i (48)
X <Y 8aJa VreR (49)
acA
zi<xr Viel VrekR (50)
Jow <Jo Na,d eAla#d (51)
Joo <Jo Va,d eAla#d (52)
Jow=Ja+]o—1 VadeAla#d (53)
Z]a <B (54)
acA
0<Xr, JLy- Vo VoV Zi<1 V' cR, Va,d €A (55)
Ja=0,1 VaeA (56)

Suppose that path r corresponds to combination j € C and that its OD pair is i. In the above model, x; is equal to one if
there is at least one sensor on path r and Rj. C R;. Model L, is designed such that z; is equal to one if each path in R; has
a sensor and is not associated with the same combination as any path not in R; and is zero otherwise. Thus, z; is equal to
one if and only if the flow for OD pair i can be uniquely defined. Therefore, the target function of model L, maximizes the
number of OD flows that can be uniquely defined. It is possible to multiply each z; by the importance of the corresponding
OD pair i in the target function. A lemma regarding this model is presented here:

Lemma 5. A solution to model Ly always exists.

The proof of this lemma is similar to that of Lemma 3 and is omitted here.
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Fig. 2. Nguyen-Dupuis network (Minguez et al., 2010).

4. Numerical results

This section presents several examples of the application and solution of models Ly, Ly, L3 and L4 to address various
numerical aspects of these models. Specifically, the solutions to four examples, examples 2-5, are reported in this section.
Example 2 uses the topology of the Nguyen-Dupuis network, with 38 arcs; examples 3 and 4 use the topology of the Sioux-
Falls network, with 76 arcs; and example 5 uses the topology of the Mashhad network, with 2526 arcs. Examples 2 and 3
were solved for models Ly, Ly, L3 and L4. However, because of the high CPU time required, example 4 was solved only for
models L; and L3 and example 5 was solved only for model L;. All solutions reported in this section were obtained using
GAMS on a computer with a Core i5 CPU clocking at 2.53 GHz. The solver used by GAMS was CPLEX.

4.1. Example 2: Nguyen-Dupuis network

In this example, the Nguyen-Dupuis test network is considered. This network, which contains 38 arcs, is depicted in
Fig. 2. We consider the same set of OD pairs and routes considered by Minguez et al. (2010). Their example includes 18 OD
pairs and 50 routes.

4.1.1. Model L;

Model L; yields the minimum number of sensors required for full observability of the path flows. For this example, this
model was solved for the Nguyen-Dupuis network, which contains 18 OD pairs and 50 routes. The CPU time required to
solve this problem was less than 1s, and the solution consists of 18 sensors:

{1,2,3,5,8,9,11,13, 18, 20, 21, 22, 23, 29, 31, 33, 34, 36}

Thus, the 50 considered path flows in this network can be fully observed by 18 vehicle identification sensors.

4.1.2. Model L,

Model L, answers the following question: how many of the considered paths can be fully observed with a given sensor
budget? Model L, was solved for sensor budgets of 1-18. As we know from the results of model L, a budget of 18 sensors is
sufficient for full observability of all paths. Fig. 3 shows the percentage of the considered paths that can be fully observed as
a function of the budget. Fig. 4 shows the CPU times required to solve the model for different budget levels. The maximum
CPU time, 40s, was consumed for a budget of 11.

4.1.3. Model L
Model L3 yields the minimum number of sensors required for full observability of the OD flows; an OD flow is fully ob-
servable when it can be uniquely defined based on the observations provided by the sensors. This example, which includes
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Fig. 3. Percentage of paths covered in example 2 as a function of the sensor budget.
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Fig. 4. CPU times required to solve model L, for example 2 given different budget levels.

18 OD pairs, was solved in less than 1s of CPU time; the solution is as follows:
{1,2,3,4,8,9,16, 19, 20, 21, 22, 23, 30, 34, 35, 36}

This solution consists of 16 sensors; thus, for full observability of the OD pairs in this example, 16 sensors are necessary
and sufficient.

4.14. Model L4

There are 18 OD pairs in this example; from the solution of model L3, we know that for full observability of these OD
flows, 16 sensors are necessary and sufficient. Model L, yields the maximum number of OD flows that are fully observable
with a given sensor budget. Fig. 5 shows the number of OD pairs that can be fully observed as a function of the budget.
Fig. 6 shows the CPU times required to solve model L, for example 2 for different budget levels.

4.2. Example 3: Upper half of the Sioux-Falls network

In this example, the topology of the Sioux-Falls test network is considered. This network, which contains 76 arcs, is de-
picted in Fig. 7. Six OD pairs are considered: 1-17, 17-1, 3-18, 18-3, 12-2 and 2-12; these OD pairs and their corresponding
paths are represented in Table 3. Ninety-two paths are considered for this network; in Table 4, the arc set for each path is
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Fig. 5. Number of fully observable OD flows in example 2 as a function of the sensor budget.
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Table 3
Set of paths considered for each OD pair in example 3.
OD pair 1-17 17-1 3-18 18-3 12-2 2-12
Paths 1,2,..,20 21,22,..,40 41,42,..55 56,57,..,70 71,72,..,81 82,83, ..,92

presented. For each OD pair, all reasonable simple paths are considered; by reasonable paths, we mean paths that are not
considerably longer than the shortest path between the origin and the destination. In this example, because the OD pairs
are all located in the upper half of the network, there are only 52 arcs that are included in at least one path. Thus, although
the Sioux-Falls network contains 76 arcs in total, the maximum practical number of sensor locations in this example is 52.

4.2.1. Model 1;

Model L; yields the minimum number of sensors required for full observability of the path flows. For this example, this
model was solved considering all 92 paths represented in Table 4. The CPU time required to solve this problem was 15 min,
and the solution consists of 18 sensors:

{2,4,5,6,8,13, 14,22, 23, 27, 29, 30, 32, 33, 36, 47, 48, 51}

Thus, the 92 path flows considered in this network can be fully observed by 18 vehicle identification sensors.
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Fig. 7. Sioux-Falls network.
4.2.2. Model L,

Model L, answers the following question: how many of the considered paths can be fully observed with a given sensor
budget? Model L, was solved for sensor budgets of 1-18. As we know from the results of model L, a budget of 18 sensors is
sufficient for full observability of all paths. Fig. 8 shows the percentage of the considered paths that can be fully observed as
a function of the budget. Fig. 9 shows the CPU times required to solve the model for different budget levels. The maximum
CPU time, 192 min, was consumed for a budget of 17.

4.2.3. Model L3
Model L3 yields the minimum number of sensors required for full observability of the OD flows. This example, which
includes 6 OD pairs, was solved within 5s of CPU time; the solution is as follows:

{2,4,5,6,8, 14, 33, 36}

This solution consists of eight sensors; thus, for full observability of the OD pairs in this example, eight sensors are
necessary and sufficient. The CPU time required to solve this model is less than that for model L;; the reason is that model
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Table 4
Paths in the Sioux-Falls network considered in example 3.
Path  Links Path  Links Path  Links
1 27363230 32 51262419143 63 55 49 53 57 44 40 33 35
2 2736319132530 33 51294719143 64 55472123118
3 2736 344143 30 34 512950541719 14 3 65 54172123118
4 269132530 35 512731912143 66 55471915118
5 26103230 36 512947212312143 67 5417191511 8
6 2691216 21 25 30 37 5247212312143 68 5547191432
7 2691216 22 48 30 38 52505417 19 14 3 69 5417191432
8 2691216 22 49 39 5357444033355 70 5548262419143 2
9 2691324224830 40 535744403185 71 3551
10 26913242018 5548 30 41 7 36 32 29 50 72 356912 14
1 1415132530 42 6 10 32 29 50 73 3569132419 14
12 1416212530 43 69 13 25 29 50 74 363191214
13 1416 22 48 30 44 7 36 34 41 43 29 50 75 36319132419 14
14 1416 20 18 55 48 30 45 7 36 32 30 52 50 76 363226231214
15 141511 10 32 30 46 6 10 32 30 52 50 77 36 32 26 24 19 14
16 141513 24 22 48 30 47 69 13 25 30 52 50 78 3632294719 14
17 141513242249 48 736 344145585250 79 363230524719 14
18 1416 20 18 55 49 49 69 13 24 22 50 80 363229505417 19 14
19 27 36 34 41 45 58 50 6913242018 81 36322947212312 14
20 2 610 34 41 45 58 51 69 12 16 22 50 82 327
21 512733355 52 691216 20 18 83 451187
22 512623111033355 53 51416 22 50 84 41621231187
23 5128444033355 54 514162018 85 415111033
24 5126231185 55 514162125 86 4162123 11 10 33
25 51273185 56 55 48 27 33 35 87 41513 2527 33
26 51262419151185 57 5548 27 31 8 88 416 21 25 27 33
27 51294719151185 58 5548 262311 8 89 416 22 48 27 33
28 524719151185 59 55 48 28 44 40 33 35 90 416 22 49 51 27 33
29 51294721231185 60 55 49 51 27 33 35 91 416 20 18 55 48 27 33
30 512950541721231185 61 55495127318 92 415 13 24 22 48 27 33
31 51262312143 62 12623118
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Fig. 8. Percentage of paths covered in example 3 as a function of the sensor budget.

L3 has fewer constraints than does model L;. In this example, model L; has 25,478 constraints, whereas model L3 has 11,534
constraints.

4.2.4. Model L

There are six OD pairs in this example; from the solution of model L3, we know that for full observability of these OD
flows, 8 sensors are necessary and sufficient. Model L, yields the maximum number of OD flows that are fully observable
with a given sensor budget. Fig. 10 shows the number of OD pairs that can be fully observed as a function of the budget.
Fig. 11 shows the CPU times required to solve model L, for example 3 for different budget levels.
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Fig. 9. CPU times used to solve model L, for example 3 given different budget levels.
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Fig. 10. Number of fully observable OD flows in example 3 as a function of the sensor budget.

4.3. Example 4: Complete Sioux-Falls network

In this example, the topology of the Sioux-Falls test network is again considered. This example consists of four cases. In
these cases, the number of OD pairs remains fixed at 12, but the numbers of considered paths are 112, 156, 424 and 778
for cases 1-4, respectively. The 12 OD pairs are 1-20, 20-1, 3-18, 18-3, 12-7, 7-12, 13-8, 8-13, 24-6, 6-24, 21-2 and 2-21.
In each case, all possible paths for each OD pair that are no longer than some predefined proportion of the length of the
shortest path between that OD pair are considered. This predefined proportion takes values of 0.05, 0.1, 0.3 and 0.4 in cases
1-4, respectively. The results of solving models L; and L3 for these four cases are reported in this section.

4.3.1. Model L;

Model L, yields the minimum number of sensors required for full observability of the path flows. This model was solved
for cases 1-3 of example 4. The fourth case could not be solved within 1week, and therefore, no result for this case is
reported here. The three obtained solutions are as follows:

{7.8,9,10,13,17, 20, 22, 23, 27, 29, 32, 35, 39, 46, 47, 48, 66, 67, 73, 74, 75, 76}

{7,10, 12,15, 16, 17, 19, 20, 22, 27, 28, 29, 31, 32, 35, 43, 46, 47, 48, 59, 61, 62, 64, 66, 71, 73, 75, 76}



180

160

140

120

100

80

60

CPU time {seconds)

40
20

35

30

25

20

15

10

number of required sensors

{2,4,5,7,10,13, 14, 16, 19, 21, 22, 23, 24, 27, 29, 31, 32, 35, 37, 38, 42, 46, 47, 48, 53, 58, 62, 64, 65, 67, 69, 71}

M. Hadavi, Y. Shafahi/ Transportation Research Part B 89 (2016) 82-106

number of considered paths

Fig. 12. Optimal solutions of model L; for cases 1-3 of example 4.

[ ]
[
®
[ ]

® [ J

0 1 2 3 4 5 ) 7 8 9
Budget (sensors)

Fig. 11. CPU times required to solve model L4 for example 3 given different budget levels.

-

T T T T 1

0 100 200 300 400 500

101

Fig. 12 shows the numbers of required sensors for these three cases. Fig. 13 shows the CPU times required to solve model
L; for these cases. In Fig. 13, the CPU time required to solve the model for 112 paths is 5 min, whereas the time required
for 154 paths is 104 min and that required for 424 paths is 3367 min, or 2.3 days. Thus, the time required to solve model L;
grows extremely rapidly as the number of considered paths increases. Fig. 12 shows that the accompanying rate of increase
in the required number of sensors is considerably milder.

In medium- and large-scale problems, the amounts of memory required to solve these models can be problematic. Specif-
ically, the two three-dimensional matrices d(r,r’, a) and E(r, a, a’) can consume large amounts of memory in the case of large
networks. These two matrices appear in all of our location models. The first matrix, d(r, 1/, a), can be calculated in closed
form based on the arc-route matrix 8: d(r, 7', a) = (8ar + 8¢) * (1 — 8ardy); This relation has previously been presented by
Minguez et al. (2010). Thus, there is no need to pass matrix d as an input.

Matrix E is the other three-dimensional matrix. This matrix appears in the following constraint:

y,r/r/ = Z Z _’(/;af (Eraa’Er’a’a + Era’aEr/aa’)

acA g €A
a+#a



102 M. Hadavi, Y. Shafahi/ Transportation Research Part B 89 (2016) 82-106

1000

500
0 _—‘_.¢/ T T T 1

0 100 200 300 400 500

number of considered paths

CPU time (minutes)
:

Fig. 13. CPU times required to solve model L; for cases 1-3 of example 4.

21
P
S
g 20 <> g
.
-
=
'S
§ 19
‘6
5
'g 18
-
| —
17 T T T T 1
0 200 400 600 800 1000

number of considered paths

Fig. 14. Optimal solutions of model L; for cases 1-4 of example 4.

In this constraint, the value inside the parentheses has four indices: a, a’, r and r'. In real examples, this value is equal to
one for only a very small percentage of all possible quadruples and is zero for the rest. For example, in the third case of the
current example, the total number of quadruples is 762 x 4242 = 1.04 x 10°. There are only 216 quadruples, or 2 x 10~>%,
for which the value in parentheses is non-zero. Thus, in real problems and for large networks, it is preferable to build this
constraint based on only these few sets of indices and not the entire matrix.

4.3.2. Model Ls

Model L3 yields the minimum number of sensors required for full observability of the OD flows; the results of solving
this model for the four cases of example 4 are reported in this section. Fig. 14 shows the number of sensors required to
guarantee the uniqueness of the OD vector. Fig. 15 shows the CPU time required to solve the model for each case as a
function of the number of routes.

Fig. 14 illustrates an interesting aspect of model L3. Lemma 4 states that a solution to model L3 always exists. An obvious
solution to this model is that in which every arc of the network has a sensor. However, there is another feasible solution to
this model that contains far fewer sensors, and its target function is much less.

Lemma 6. Consider the sensor location vector in which all outgoing arcs from all origins and all incoming arcs to all destinations
are equipped with a vehicle identification sensor. For this location vector, the set of OD vectors that satisfy condition (2) is single-
membered.
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Fig. 15. CPU times required to solve model L; for cases 1-4 of example 4.

The proof of Lemma 6 is trivial and is omitted here. Lemma 6 presents a new solution that is feasible for model L3 inde-
pendent of the set of routes considered. Because model L; minimizes its target function, this new solution yields an upper
bound. Moreover, as the number of routes considered for each OD pair is increased, the solution of model L3 converges to
this solution. Obviously, when the solution reaches this point, further increasing the number of considered routes for each
OD pair, will no longer increase the number of required sensors. This new feasible solution can be very helpful in solving
model L3 for large networks.

For the four cases of example 4, this new solution for model L; contains 40 sensors. However, the number of required
sensors remains constant at 20 after the second case, in which 154 routes are considered. Unlike Lemma 6, this behavior is
not a global aspect of model L3; instead, it is related to the set of considered OD pairs. In what follows, the reason for this
saturation will be discussed. In this network, nodes 1, 2, 3, 6, 7, 8, 12, 13, 18, 20, 21 and 24 constitute 12 OD pairs. Each of
these nodes is the origin in exactly one OD pair and is the destination in exactly one other OD pair. Consider the following
set of arcs:

{1,2,3,4,5,6,7,8,14, 33,35, 36, 37, 38, 39, 66, 73, 74, 75, 76}

This set contains all outgoing and incoming arcs of nodes 1, 2, 3, 12, 13 and 24. These nodes are the origin nodes in 6 of
the considered OD pairs and are the destination nodes in the other six OD pairs. When all incoming and outgoing arcs of a
node A are equipped with a vehicle identification sensor, one can distinguish between the following four sets of routes:

1. Routes that start from node A

2. Routes that end at node A

3. Routes that pass through node A, but this node is not their origin or destination
4. Routes that do not contain node A

For example, consider node 1. There are two ingoing arcs, {3, 5}, and two outgoing arcs, {1, 2}. The routes in the first set
correspond to combinations that contain either arc 1 or arc 2 and do not contain arc 3 and arc 5. The routes in the second
set correspond to combinations that contain either arc 3 or arc 5 and do not contain arc 1 and arc 2. The routes in the
third set correspond to combinations that contain one of the following combinations: (3, 1), (3, 2), (5, 1) and (5, 2). Finally,
the routes in the fourth set correspond to combinations that do not contain any of arcs 1, 2, 3 and 5. Moreover, in this
example and for this solution, every route has at least one sensor. Thus, each route corresponds to a non-empty combination.
Therefore, based on each node, the set of all routes can be partitioned into four subsets. Based on this partitioning, the
routes belonging to each OD pair can be distinguished from the routes belonging to other OD pairs. This is the necessary
and sufficient condition for the uniqueness of the OD pairs. Thus, in example 4, as the number of routes between each OD
pair arbitrarily grows, the size of the solution to model L; will remain fixed at 20 sensors.

4.4. Example 5, a real case study: Mashhad network

In this example, the topology of the Mashhad network is considered. This network was divided into 141 traffic zones
and contains 2526 arcs, 917 nodes and 7157 OD pairs with non-zero demands (Poorzahedi et al., 1997). In this study “an
origin—destination survey was conducted from 4% of the population by house interviewing method and was validated by
observations from several screen lines in the study area. Validation of the OD flows is achieved by the actual traffic counts
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Fig. 16. Mashhad city network (Poorzahedi et al., 1997).

done simultaneously on 112 links of the network during peak hour. Fig. 16 shows the Mashhad city network and the ob-
served links” (Poorzahedi et al., 1997). At the time of the cited study, Mashhad had a population of approximately 2 million.
In that study, Poorzahedi and coauthors assigned the surveyed OD vector to the network based on the user equilibrium
assumption using the complementary algorithm (Aashtiani, 1979). In their results, there were 7503 paths with non-zero
flows; thus, there were 1.05 paths on average per OD pair.

In this example, these OD pairs have been sorted based on their demand, from highest to lowest. Model L; was solved
for three sets of routes: the routes belonging to the first 40 OD pairs, the routes belonging to the first 50 OD pairs and
the routes belonging to the first 60 OD pairs.® The percentages of the demand covered in cases 1-3 are 5.3, 6.2 and 7.1%,
respectively. The total numbers of routes are 48, 59 and 69 for cases-3, respectively. The total numbers of arcs used in
at least one of the considered routes are 362, 402 and 430 for cases 1-3, respectively. The main aspect of this example
that makes it a medium sized real case study is its high number of used arcs. The three obtained solutions contain 37, 46
and 52 sensors for cases 1-3, respectively. The required CPU times for these three examples are 37.7, 180.5 and 282.6 min
respectively.

The results of our numerical study, particularly those for this example and example 4, illustrate the amounts of time
required to solve our location models using a general solver such as CPLEX. It is apparent from these examples that solving
these models for even medium-sized networks is a time-consuming task. This demonstrates the need to develop model-
specific algorithms for solving these models for large networks. This will be an interesting topic for future research. As an
alternative to developing model-specific algorithms, another way to solve these models for larger examples is to control the
size of the problem. There are two important factors that define the complexity of solving models L, Ly, L3 and L, for a
given network. The first of these factors is the set of considered paths, and the second is the set of possible arcs on which
sensors can be located. The set of OD pairs also is a major contributor to the complexity of models L3 and L4. For a large
network, the size of the problem can be reduced by modifying these three values. The mathematical relations between these
values and the complexity of these four models will be another interesting topic for future research. In the following, the
particular case of modifying the set of routes to reduce the size of the problem will be discussed.

4.4.1. Set of routes

In each location model presented in this paper, as in model C, the set of paths is a key parameter in defining the com-
plexity of the model and its solution. For example, model L; contains 2r% + 4r + %(n2 +n) constraints in addition to the
integrality condition, where r is the number of paths and n is the number of arcs. There is also a more compact version
of this model that contains %rz + %r—i— %(n2 +n) constraints. Model C contains %(r2 + 1) constraints. Considering only the
important paths has always been a common approach adopted by researchers; for example, one might consider only the
paths that had positive flows in past studies. In the current example, example 5, this approach was applied to the Mash-

had network. In this example, the set of paths to be considered was defined based on the paths that had non-zero flows

6 Here, the first 40 OD pairs are the 40 OD pairs with the highest demand.



M. Hadavi, Y. Shafahi/ Transportation Research Part B 89 (2016) 82-106 105

after a user-equilibrium-based assignment of the OD vector. Another approach would be to also consider paths with similar
qualities to those with non-zero flows.

The dependence of the time required to solve model L; on the number of considered paths is shown in the results of
examples 4 and 5. In both cases, the CPU time grows very rapidly as the number of paths increases. However, the numbers
of required sensors in models L; and L3 exhibit a milder rate of growth with an increasing number of considered paths.

When the target flow is the OD vector, the results of example 4 for model L; and Lemma 6 together reveal an interesting
fact: as the number of considered paths increases, the size of the solution to model L3 will eventually reach saturation. In
other words, the optimal solution will not always continue to grow with an increase in the number of considered paths.
Another observation that is promising for reducing the number of considered paths is that in the Mashhad network example,
there were found to be 1.05 paths on average per OD pair. If one accepts equilibrium as a reasonable assumption, especially
considering the growing market penetration of GPS devices and smart phones, this fact can be used to reduce the number
of considered paths.

5. Conclusions

In this paper, several of the existing location models were discussed. To our knowledge, none of the existing location
models for vehicle identification sensors considers the order in which a vehicle is detected by the sensors, although this
order is available in the data. When the sensor order is taken into account, the existing models no longer yield the minimum
number of sensors required for full observability of the target flows. Therefore, in this paper, four location models that
consider the order of the sensors were presented and proven correct. The definitions of these four models are as follows:

o Model L;: This model minimizes the number of sensors required to ensure the uniqueness of the path flows when the
sensor order is available in the data.

o Model L,: This model maximizes the number of fully observable path flows subject to a budget constraint when the
sensor order is available in the data.

o Model L3: This model minimizes the number of sensors required to ensure the uniqueness of the OD flows when the
sensor order is available in the data.

o Model Ly: This model maximizes the number of fully observable OD flows subject to a budget constraint when the sensor
order is available in the data.

For several numerical examples, these four models were solved using the GAMS software. These numerical examples in-
clude several medium-sized examples, including an example of a real-world large-scale transportation network in Mashhad.
As the results show, solving model L; for some of our examples required several days of CPU time. Although the examples
solved in this paper include several medium-scale cases of large networks, solving these models for larger networks remains
an interesting area for future research.
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